The absence of universally accepted solutions for the design of reinforcement in plates and shells in the structural concrete codes, and the constant development of computers combined with powerful numerical methods, reveal the need for a standard procedure to calculate the required reinforcement in thin elements subject to membrane and flexural forces. In the present study, the amount of reinforcement is optimized locally for each finite element of the mesh that models the geometry of the problem. Some numerical examples are given and compared to the results provided by other authors, achieving significant savings in reinforcement.
open to debate. As proof of this, references in the design codes relating to the design of plates and shells are quite scarce and, in the majority of cases, these are dealt with rather superficially. Eurocode 2 [1] does not include any reference to shells, and only refers to plates that are loaded on their plane. The ACI 318 [2] code considers any design method that assures sufficient strength with equilibrium to be applicable. In the Model Code CEB-FIP 1990 (MC90) [3] these are dealt with in greater depth, given that design hypotheses are included which are based on the use of layer models, such as those developed by Marti [4] , which resist the external membrane forces and the internal shear force. References in the technical literature are also scarce and normally focus on analysis methods (e.g. [5] [6] [7] [8] [9] among others) or on the design of particular structures (e.g. [10] [11] [12] [13] ) but not on design methods in concrete plates and shells.
Nevertheless, there are design methods that use plate or shell elements as dimensioning units resisting their nodal forces. The objective is to reach the equilibrium between the external and internal forces due to the contributions of the reinforcement and the concrete. To this end, calculus algorithms are used to provide the quantity of reinforcement at the outer layers of the element in two orthogonal directions [14] . Some strategies were developed to obtain more rational reinforcement distributions, with less weight in the complete concrete plate or shell [15] .
The development of optimization techniques has been strongly boosted by the tremendous increase in computational and graphical capacities. These techniques represent an effective means of obtaining alternative reinforcement distributions which comply with the design conditions (stress constraints, construction prescriptions, etc.) in an optimal way (minimum weight, minimum stress level, etc.). They could become a standard procedure for designing elements subject to membrane and flexural forces [16] . However, it is convenient to bear in mind that this design process may result in a reduction of the residual strength of the element, which may arise from unexpected increases in the loading (such as due to heavier loads: locomotives, lorries, new industrial machinery, etc.).
Tomás and Martí [17] optimized the amount of reinforcement locally for each finite element of the mesh that models the geometry of the problem. Starting from the equilibrium between applied and internal forces, it leads to an indeterminate system of nonlinear equations solved using optimization techniques. The formulation of the method includes the biaxial behaviour of the concrete and the different lever arms of the reinforcement, assuming ideal plastic behaviour for both materials. The ANSYS finite element program was used to analyse the structure and to obtain the forces in the shell elements. Furthermore, the formulation was implemented by means of user routines within the optimization module of the program. The objective function is the summation of the tensile forces in the reinforcement. A numerical example was given and compared to the results provided by other authors.
In the present study, extensive use of the aforementioned formulation is provided, namely:
(i) details of all the parameters are included for the different cases according to the necessity for reinforcement; (ii) the influence of variations of some of the assumptions for the analysis is commented; and (iii) more extensive application to case studies has been achieved by adding a second example of a three-span continuous deep beam reinforcement computation.
Formulation and solution of the optimal structural design problem
The aim of the optimal structural design is to obtain a design, a set of values for the design variables, which minimizes an objective function and complies with the constraints that depend on the variables. The design variables of a structure can be properties of the cross-section of the elements (surface areas, thicknesses, inertia moments, etc.); structural geometry parameters; structural topology parameters (element densities in the range from 0 to 1) [18] ; and properties of the material of the structure. The type of optimization carried out depends on the type of variables being considered. Traditionally, the design of minimum weight structures has been sought, which has led to the fact that the most common objective function is the weight of the structure. Nevertheless, the weight is not the determining factor in other applications, and other objective functions are used, such as cost, reliability, stiffness, etc. The constraints are the conditions that the design must comply with in order to be regarded as valid.
The optimum design problem was formulated as follows
To find the variable vector of design x which minimizes f (x)
where x is the n-dimensional vector of the design variables; f (x) is the objective function; h j (x) is the j th equality design constraint; g k (x) is the kth inequality design constraint; m i is the number of equality constraints; m d is the number of inequality constraints; n is the number of variables; and x L i (x U i ) is the lower limit (upper limit) of the variable i (e.g. [19] among others).
This problem was solved by mathematical programming using the optimization module in ANSYS [20] , which has a conventional first-order method using the first derivatives of the objective function and constraints with respect to the design variables. The module converts the optimization problem with constraints into an unconstrained problem by adding penalty functions to the objective function. For each iteration, gradient calculations, which employ a steepest descent or conjugate direction method, are performed to determine a search direction. A line search strategy is adopted to minimize the objective function of the unconstrained optimization problem.
3 Formulation of the optimal design of reinforcement in shell elements
Description of the material
Concrete is a complex material that requires a large number of parameters in order to provide a complete description of its constitutive equations. In fact, concrete should be viewed as a quasi-brittle material having a size-dependent behaviour [21] . Nevertheless, in the adopted design model [22] concrete is considered to be a rigid-plastic material, which is characterized by a single parameter, f c , the uniaxial concrete compressive strength measured on cylinders. This material consideration is sufficient to meet the proposed aim. With respect to the general case of the design, the choice of f c is a delicate matter, so the values suggested in MC90 [3] for the design strength of concrete were adopted: Non-cracked zones are given by
Cracked zones, where the compressive strength may be reduced by the effect of transverse tension from the reinforcement and by the need to transmit force through the cracks, are given by
where f ck is the characteristic cylinder compressive strength of the concrete, f cd is the design cylinder compressive strength of the concrete, and f cd1 and f cd2 are the design strength of concrete for noncracked zones and for cracked zones, respectively, the units are MPa.
The strength for concrete that is subject to biaxial compression state increases: it is possible to reach an increase of approximately 16% under a stress state of the same intensity in both directions [23] . This increase, due to the confinement effect, can be formulated by multiplying the compressive strength by a co-
where σ 1 and σ 2 are the stresses referring to the principal directions.
As is normal when dealing with the design of concrete structures, neither concrete tensile strength nor aggregate interlocking phenomena are taken into account. The tensile strength is a small fraction, less than 10%, of the compressive strength. If it is considered in the optimization process, a slightly better optimum design of the reinforcement would be obtained. However, there are two disadvantages: (i) the code implementation is complex and the reinforcement savings are minimal; and (ii) the optimization may result in further reductions in the residual strength.
A rigid-plastic behaviour was considered for reinforcement steel, with a maximum stress equal to the yield limit. The reinforcement only resists uniaxial forces, and the dowel action of the bars is not taken into account. The contribution of the reinforcement in compression resistance was discarded due to its negligible effect in comparison to the surrounding concrete. Therefore, the reinforcement is designed solely to resist tensile forces. The effects related to the adhesion and to the anchoring of the bars were not taken into account. The orthogonal distribution of the reinforcement was considered.
General approach
The proposed design method is based on the lowerbound theorem of the theory of plasticity [24] . The flexural and membrane forces, which act on the sides of a shell element ( Fig. 1) , must be in equilibrium with the internal compression forces in the concrete and the tensile forces in the reinforcement. In general, the principal directions of the membrane and flexural forces do not coincide. Applying this theorem, it may be assumed that the solution obtained is sufficiently safe, although a deformation verification must be carried out later to guarantee that the performance is within the serviceability limit state. Figure 2 shows the model used for a shell element, the reinforcement set parallel to the x-and y-axes, and the acting internal forces. The tensile forces of the reinforcement are identified as N sxt , N syt , N sxb , N syb with the subscripts x and y referring to the axes, and the subscripts t and b referring to the top and bottom layers, respectively. Different lever arms of the reinforcement (Fig. 2a) were included in the formulation (h yt , h yb , h xt , h xb ). A vertical failure plane parallel to the direction of the cracks on the top layer is assumed, the normal vector of which forms an angle θ t , with the x-axis and is contained in the xy-plane. The thickness of the compressed top layer is represented by a t . Uniform stress distribution (rectangular stress block represented by the dashed line) is assumed within this layer, N ct with its resultant force being parallel to that normal vector. In the same way, with respect to the bottom layer, θ b refers to the normal vector of the failure plane, a b to the thickness of the uniform stress distribution, and N cb to its resultant force. The stresses within the concrete layers can be assumed to have other distributions (triangular, trapezoidal, parabolic, etc.) although the differences between the reinforcements obtained for each distribution are minimal, all the more so if the thickness of the layers is small. This type of formulation was originally developed by Nielsen [25] for plates and slabs subject to the membrane state with symmetrical reinforcement in two directions. Later, the method was extended for orthogonal reinforcement [26] and generalized for random directions [27] . Subsequently, the membrane reinforcement of plates was extended to shells [28, 29] and Gupta [30] discussed the case of reinforcement necessary in the top and bottom layers of a shell. Finally, this formulation was widened to cover three further cases: reinforcement necessary only in the bottom layer; reinforcement necessary only in the top layer; and reinforcement not necessary [14, 22] . Even though the phenomenon described is relatively simple, this is not the case with the mathematical solution. The formulation required leads to an indeterminate system of nonlinear equations for each case. The equilibrium equations used come from [14] , [22] and [30] and are listed below in the appropriate form for use in this work.
Reinforcement necessary in top and bottom layers
The sum of reinforcement forces in x and y directions and the moments are
Forces and moments in the concrete are
Equations (5) to (8) express the internal forces and moments in terms of the defined parameters and must be in equilibrium with the external membrane/bending forces. The system of equations is
Combining (5) to (14) produces a system of six equilibrium equations with eight unknowns (N sxt ,  N sxb , N syt , N syb , a t , a b , θ t and θ b ) . In order to solve the system two of these must be set as design variables. 
Reinforcement necessary in the bottom layer
The equilibrium equations are
where
The compressive top layer thickness is a t = N ct,max Kf cd1 (25) where K is obtained by (4) , with the principal stresses (forces per unit length, in this case) being
Combining (15) to (23) and (25) produces a system of six equilibrium equations with seven unknowns (N sxb , N syb , a b , θ b , N cxt , N cyt and N cxyt ) . In order to solve the system one of them must be set as a design variable.
Reinforcement necessary in the top layer
The equations for this case are the same as those for the previous case except that all "b" subscripts are replaced by "t" and vice versa.
Reinforcement not necessary
In this case, both layers are under biaxial compression and there is no need for reinforcement. Unknowns are the concrete forces, these being N cxt , N cyt , N cxyt for the top layer and N cxb , N cyb , N cxyb for the bottom layer.
In addition, it is necessary to add the layers' thicknesses equations for the concrete
Combining (27) to (32) and (36) to (40) produces a system of eight equilibrium equations with eight unknowns, thus only one solution exists.
Objective function
The objective function is the sum of the tensile forces of the reinforcement. This expression depends on the case being optimized. The four equations are then (1) reinforcement necessary in top and bottom layers
(2) reinforcement necessary only in the bottom layer
(3) reinforcement necessary only in the top layer
(4) reinforcement not necessary.
On optimizing the sum of the tensile forces, the reinforcement cross-section area is also optimized, given its relationship to the steel design strength f yd , and therefore, to the weight of the steel.
The objective function was normalized by dividing it by the initial value adopted in the optimization process (obtained by means of adopting any initial value for a t , a b between 0 and h and solving the system of equations). Thus, it takes on values approaching unity, having a similar range of values to those of the design variables that are stated in Sect. 3.4 (but in radians instead of degrees). This technique provides good results when nonlinear mathematical programming is used in order to solve the optimum design problem.
A tolerance value of 10 −4 was used in order for the optimization process to be stopped in either of the following two cases: (a) whenever the variation in the objective function in two consecutive iterations is lower than the tolerance; or (b) whenever the variation in the objective function between this iteration and the minimum value obtained in the previous iteration is less than the tolerance.
Design variables

Reinforcement necessary in top and bottom layers
The difficulty of the problem lies in trying to solve the equilibrium equation system. Even though the unknowns that we are interested in are the tensile forces of the reinforcement (N sxt , N syt , N sxb and N syb ), there are a further four unknowns (a t , a b , θ t and θ b ). Thus, there is a system of six equilibrium equations with eight unknowns. This requires searching for θ t and θ b values in order for the total amount of reinforcement to be minimal, thus satisfying the equilibrium equations. Therefore, the θ t and θ b angles were used as the design variables. The MC90 states that by adopting 45 • for the compressed truss of the concrete, a minimum of the local reinforcement is obtained. Therefore, the values θ t = θ b = ±45 • (phase shifted by 360 • ) were used as the initial values for the design variables in the validation examples of the procedure, with satisfactory results being obtained. The phase shift is used as a strategy to avoid negative or zero values in the design variables, since the ANSYS program does not allow for their use in its optimization module [20] . In this way, the variation ranges are 270
• ≤ θ b ≤ 360
The design variables are forced to adopt the extreme values of the variation intervals when they are too close to them (an angle of 10-15 • ). This is done for two basic reasons. The first is concerned with taking into consideration the recommendation in MC90 that the tensile and compression forces must be separated by at least 15 • . For two very near directions, the tension in the reinforcement and the compression in the concrete could conflict, and this would infringe upon the displacement compatibility condition. The second reason is to ensure the convergence of the optimization process in the solution of a nonlinear equation system. We can assume that for θ t and θ b values which are close to 0 or ±90 • , the direction of the compression force in the concrete tends to be parallel to any of the reinforcement directions, leading to a compression force in the reinforcement. This is unacceptable according to the proposed formulation, and so the fact implies that this reinforcement is not needed, thus enabling convergence to be achieved.
The design variables were normalized by dividing them by the initial values chosen in the optimization process. These normalized values of the design variables are used by the optimization algorithm, for which reason we also refer to them as optimization variables.
Finally, a tolerance value of 10 −6 was used in order for the optimization process to come to a halt when the variation in the design variables in two consecutive iterations is below this value.
Reinforcement necessary only in the bottom layer
In this case, the necessary unknowns are the tensile forces of the reinforcements N sxb and N syb . Nevertheless, there are another six unknowns, such as a t , a b , θ b , N cxt , N cyt and N cxyt , so there is a system of seven equations (the six equilibrium equations and a check equation of the maximum compressive stress in the top layer) with eight unknowns. This implies looking for the θ b values in order for the total amount of reinforcement to be minimal and to satisfy the sevenequation system. Therefore, the θ b angle was used as an optimization variable. θ b = 315 • is adopted as the initial value of the design variable, i.e. −45 • phase shifted by 360 • for the reasons given in the previous section. The range of variation is that adopted in (44). In the same way, for values of θ b close to 270 • or 360 • , the direction of the compressive force in the concrete is very close to the direction of the reinforcement, and it thus becomes unnecessary. The variation tolerance of the design value takes the value 10 −6 .
Reinforcement necessary only in the top layer
This case is similar to the previous one for the bottom layer. Now the angle θ t was used as an optimization variable, and θ t = 405 • was adopted as the initial value of the design variable, i.e. 45 • phase shifted by 360 • . The variation range is the same as that adopted in (45). In the same way, θ t values that are close to 360 • or 450 • mean that the reinforcement is not necessary. Once again, the tolerance adopted is 10 −6 .
Constraints
As with the objective function and the design variables, the constraints were normalized so they adopt similar values which are close to 1, thus making the mathematical programming algorithm evolve satisfactorily [31] . A tolerance value of 10 −6 was used, for which the optimization process comes to a halt whenever it finds a lower variation in the constraints between two consecutive iterations.
Equality constraints. The equilibrium equations between applied forces and internal design-strength-ofmaterials forces and the thicknesses of the top and bottom layers were used as equality constraints. These thicknesses must comply with the expressions suggested in MC90, (a j,N ) , to be able to resist the compressive force in the layer
Then, the constraint can be formulated as follows
and be normalized as
where j is t or b, and D a,max refers to the greatest difference between the initial a j and a j,N values. Strictly speaking, the constraint on the thickness is not an equality constraint. The convergence of a j towards the value a j,N is considered to be reached when a certain tolerance T , set by the designer, is satisfied. This tolerance also has a bearing on the decreasing of the values achieved for the objective function. Therefore, the equality constraints can be formulated as follows
It is also necessary to normalize the tolerance by dividing it by D a,max . To adopt a hundred-thousandth part of the thickness h of the element, T = 10 −5 h is deemed acceptable.
Inequality constraints. To be consistent in terms of the behaviour of the materials and for the different cases of reinforcement considered, the inequality constraints used consist in limiting the tensile forces of the reinforcement (N sxt , N syt , N sxb and N syb ) so that they do not take on negative values. That would imply unacceptable compressive forces in the reinforcement, according to the formulation proposed. Thus, the constraints are
where N sij is the tensile force of the reinforcement in the i (x or y) direction in the j (t top or b bottom) layer. These constraints can be normalized as follows
where N sij,max refers to the greater initial tensile force.
Description of the finite element
A reliable analysis method is crucial for accuracy of the optimum. Locking phenomena leads to an error in the optimization process, which is difficult to detect, and may have consequences for the case of stress and displacement constraints [32] . In these cases, it is possible that the optimal design obtained is not even in the 'real' feasible domain, that is to say that the considered displacement or stress violates the given constraint. Consequently, the solution obtained from the optimization procedure is not even within the group of admissible solutions. Therefore, it is necessary to use elements in the model with a formulation prepared to avoid locking. The finite element used in this research is the Shell93 in ANSYS program. The element has six degrees of freedom at each node: translations in the nodal x, y, and z directions and rotations about the nodal x, y, and z-axes. The deformation shapes are quadratic in both in-plane directions. The element has plasticity, stress stiffening, large deflection, and large strain capabilities. The material property matrix for the element includes a formulation to avoid shear locking [33] .
Examples
Two examples were carried out: the simply supported slab; and the deep beam.
Simply supported slab
The concrete plate used by Lourenço and Figueiras [22] was used as the example to compare their results with those obtained using the method stated in the present study. It is a rectangular plate simply supported at the four edges, 0.15 m thick and has a span of 5.0 × 6.0 m. It is subject to a vertical load p of 15.0 kN/m 2 distributed uniformly, including its own weight. It is also subject to a membrane uniform load q around the edges of the plate (Fig. 3) .
Three q values were used in our study, supposing a simple flexural state in the plate (q = 0 kN/m) [34, 35] and supposing a compressive and flexural state with q adopting a value of 150 kN/m and 250 kN/m. The materials are 20 MPa compressive strength concrete and 400 MPa tensile strength steel. The distance from the centre of gravity of the reinforcements to the exterior plate fibers is 0.025 m.
The finite element model of the plate is shown in Fig. 4 . A convergence study using four mesh sizes ((1) 5 × 6 = 30; (2) 11 × 13 = 143; (3) 21 × 25 = 525; racy, was mesh 3, which was therefore employed in this study.
The density reinforcement surfaces in both directions for each layer are shown in Fig. 5 , for the simple flexural state. The units are expressed in mm 2 /m. Figure 5 reveals how the reinforcement densities are grouped following the principal stress directions. They are nonexistent for most of the top layer because the fitting is not needed. The quantities in the reinforcement according to the x-axis are greater than those with respect to the y-axis, because of the difference in the length of their sides. Comparisons between the total reinforcement values are given in Figs. 6-8 . The values obtained in [22] resolve a nonlinear equation system and the optimum reinforcement is in accordance with the method being proposed for the three cases, with differing values of q.
For the simple flexural state (Fig. 6 ) the average reinforcement savings are 18% in the section close to the supports of the plate and 3% in the section at mid-span.
For the compressive and flexural state with q = 150 kN/m (Fig. 7) , a percentage of 66% less reinforcement is a higher average than that obtained in the section adjacent to the supports and there is practically no difference in the central section.
Finally, for the case of high membrane load (Fig. 8) , there is no need for reinforcement at the section close to the supports, with the proposed method. However, according to the results provided by Lourenço and Figueiras [22] , there is some need for reinforcement. The average loss of reinforcement in the section at mid-span is 19%. In general, the lesser need for reinforcement is quite logical in elements subject to a compressive and flexural stress state compared to those subject to simple bending.
Deep beam
This example consists of a three-span continuous deep beam used in reference [14] and validated in reference [37] . The geometry of the structure and the loads are shown in Fig. 9 . The two cantilevered spans have a cavity. The beam has four vertical loads applied to the four loading columns.
The values are of 800 kN and 1000 kN as shown in Fig. 9 , but in the finite element model they are applied as distributed loads (Fig. 10) . The dimension of the cross-section of the four columns is 0.30 × 0.25 m. The beam is supported on two columns with a crosssection dimension of 0.4 × 0.4 m. The concrete has a compressive strength of 20 MPa.
A convergence study was carried out to determine the mesh to use for this example [36] . The most appropriate mesh, combining solution time and accuracy, was a mesh of 3360 elements, which was therefore employed in this study (Fig. 10) .
The reinforcement density is shown in Fig. 11 . The results show that reinforcement is required in the region of maximum bending and around the cavities where the greatest tensile stresses appear. These results are similar to those obtained by [14] . 
Conclusions
Traditionally, computers have been used to analyse the response of a user-defined structure and to check its safety for given applied loads. The use of optimization techniques in the design of structures widens the application of computers and allows the user to obtain optimum designs for stated design conditions. This paper presents an optimal reinforcement design formulation for concrete shell elements. A finite element program was used and the formulation was implemented by means of user routines within the program optimization module. Based on the results obtained, it may be concluded that the differences observed between the amount of reinforcement obtained by using optimization techniques and by means of traditional methods, may be considerable. It is possible to achieve average values in the savings of reinforcement for the simply supported slab of approximately 12% (for flexural and small membrane forces), 24% (for flexural and medium membrane forces) and 44% (for flexural and large membrane forces).
